For ξ ≥ 0, Liouville first passage percolation (LFPP) is the random metric on εZ 2 obtained by weighting each vertex by εe ξhε(z) , where h ε (z) is the average of the Gaussian free field h over the circle ∂B ε (z). Ding and Gwynne (2018) showed that for γ ∈ (0, 2), LFPP with parameter ξ = γ/d γ is related to γ-Liouville quantum gravity (LQG), where d γ is the γ-LQG dimension exponent (which is expected to be the Hausdorff dimension of the conjectural LQG metric). For ξ > 2/d 2 , LFPP is instead expected to be related to LQG with central charge greater than 1.
Introduction
Let γ ∈ (0, 2], let U ⊂ C be an open set, and let h be some variant of the Gaussian free field (GFF) on U . The γ-Liouville quantum gravity (LQG) surface associated with (U, h) is the random Riemann surface parametrized by U with Riemannian metric tensor e γh (dx 2 + dy 2 ), where dx 2 + dy 2 is the Euclidean metric tensor. LQG surfaces are expected to arise as the scaling limits of various discrete random geometries, such as random planar maps and Liouville first passage percolation, which we discuss just below.
The above definition of an LQG surface does not make literal sense since h is a distribution, not a function. Nevertheless, it is possible to make sense of the volume form associated with an LQG surface as a limit of regularized versions of e γh dz, where dz denotes Lebesgue measure; see [Kah85, DS11, RV14] . A central open problem is to make sense of LQG as a random metric space. So far, this has only been accomplished in the special case when γ = 8/3 by Miller and Sheffield [MS15, MS16a, MS16b] , in which case the resulting metric space is isometric to the so-called Brownian map [Le 13, Mie13] .
For γ = 8/3, the metric structure of LQG and its discrete analogs are still not fully understood, although recent progress has been made, e.g., in [DG16, DD16, DZ16, DZZ18, GHS16, GHS17, DG18, DF18, DD18]. Particularly relevant to us are the articles [GHS17, DZZ18, DG18] which establish for each γ ∈ (0, 2) the existence of an exponent d γ > 2 which arises in a variety of different approximations of LQG distances and which is expected to be the Hausdorff dimension of the conjectural LQG metric (see (1.5) below for the appearance of d γ in our paper). We define d 2 := lim γ→2 − d γ , which exists since d γ is increasing [DG18] . It is known that d √ But, it was proven by Ding and Goswami [DG16] that this prediction is false for γ sufficiently close to zero [DG16] . One of the most natural ways to study γ-LQG distances is to consider the random metric obtained by exponentiating a continuous approximation of the GFF (as is done in several of the above-cited works). Such approximate metrics are referred to as Liouville first passage percolation (LFPP). In this article, we will prove several estimates for LFPP distances which in particular lead to new bounds for d γ for general γ ∈ (0, 2], improving on the previous best known upper (resp. lower) bound from [DG18] in the case when γ > 8/3 (resp. γ ∈ (0.4981, 8/3)) (Theorem 2.5). We also establish an upper bound for the Euclidean dimension of LFPP geodesics, which is expected to be the same as the Euclidean dimension of continuum LQG geodesics (Theorem 2.6).
Our bounds are valid not only for discretizations of γ-LQG with γ ∈ (0, 2] but also for discreteizations of a certain extension of LQG beyond this phase: LQG with central charge in (1, 25), which corresponds to ξ > 2/d 2 in the model which we define just below. In this extended regime, our bounds are inconsistent with the analytic continuation of Watabiki's prediction for a range of parameter values; see Corollary 2.4.
Definition of the model
Let h be a whole-plane GFF, normalized so that its circle average over ∂D is zero. For ε > 0 and z ∈ C, we write h ε (z) for the average of h over the circle of radius ε centered at z (see [DS11, Section 3.1] for more on the circle average process). We write S = [0, 1] 2 for the Euclidean unit square. For ε > 0, we define S ε := (εZ 2 ) ∩ S and we equip S ε with its standard nearest-neighbor graph structure.
For ε, ξ ≥ 0 and a lattice path P : {0, 1, . . . , N } → S ε for some N ∈ N, we define the ε-LFPP length of P , with parameter ξ, by
The reason for the factor of ε is that edges of Z 2 have side length ε, so this factor makes it so that
h approximates the integral of e ξhε along a linearly interpolated version of P . For z, w ∈ S ε , we
1 There are several other natural variants of LFPP besides the one we consider here. For example, we can replace the circle average process by the white noise approximation or by the discrete GFF. We can also define distances by integrating along continuous paths rather than by summing along paths in εZ 2 . The arguments of this paper work for any of these approximations; all we need is that the variance of the approximating field is of order log ε −1 + Oε(1), uniformly over S. It follows from [DG18, Lemma 3.1 and Proposition 3.16] that with probability tending to 1 as ε → 0, LFPP distances are scaled by a factor of at most ε oε(1) if we replace the circle average process by the white noise decomposition and/or we integrate along continuous paths instead of discrete paths. In particular, the exponents for distances in these four variants of LFPP are all the same. We will use this fact without comment when we cite results from [DG18] .
where the infimum is over all lattice paths in S ε from z to w.
Let ∂ L S ε (resp. ∂ R S ε ) be the left (resp. right) boundary of S ε , i.e., the set of vertices of S ε whose nearest neighbor to the left (resp. right) in εZ 2 is not in S ε . For ξ ≥ 0, we define the ξ-LFPP distance exponent
It is shown in [DG18, Theorem 1.5] (c.f. Footnote 1) that with d γ the dimension exponent for γ-LQG,
(1.5)
The case γ = 2 follows from the case γ < 2 by the continuity of λ. It also follows from [DG18, Theorem
(1) with probability tending to 1 as ε → 0, and that the same is true for several other quantities related to LFPP distances, such as diameters and point-to-point distances. Since d √
8/3
= 4, we have λ(1/ √ 6) = 1/6.
As we will explain in Section 4, we expect that LFPP with ξ > 2/d 2 is connected to Liouville quantum gravity with central charge greater than 1. In this regime, we do not know that D (1) with high probability. We expect that this can be proven using arguments similar to those used to show the existence of an exponent for Liouville graph distance in [DZZ18] , but we will not carry this out here.
One could guess that λ(ξ) is an analytic function of ξ (since the vast majority of natural exponents associated with LQG have this property), except for the constraint that λ(ξ) ≤ 1. This leads to the following natural extension of Watabiki's prediction:
We will show in Corollary 2.4 that (1.6) is false for a specific subset of [2/d 2 , ∞).
Main results
The starting point of our main results is the following comparison of LFPP lengths of a path for different values of ξ, which will be proven (via a one-page argument) in Section 3.
Theorem 2.1. Let 0 ≤ ξ ≤ ξ and fix a small parameter ζ > 0. With probability tending to 1 as
As an immediate consequence, we get the following differential inequality.
In particular, for Lebesgue-a.e. ξ ≥ 0, 
By combining these two differential inequalities and the fact that λ(0) = 0 and λ(1/ √ 6) = 1/6 (see the discussion just below (1.5)), we get the following theorem.
Proof. Recall that λ(ξ) ∈ [−1/2, 1] for all ξ ≥ 0. Since λ(0) = 0, by setting ξ = 0 in (2.2) and (2.4) and solving for λ(ξ), we get
Since λ(1/ √ 6) = 1/6, by setting ξ = 1/6 in (2.2) and (2.4) and solving for λ(ξ), we get
By instead setting ξ = 1/6 and solving for λ( ξ), we get (2.9) with the inequality signs flipped for ξ ≤ 1/ √ 6. Combining these inequalities gives (2.5).
See Figure 1 , left, for a plot of the bounds (2.5). The bounds for λ(ξ) in Theorem 2.3 are the best known except when ξ is very small (non-explicit), in which case [DG16] gives λ(ξ) ≥ Ω(ξ 4/3 / log(1/ξ)). From Theorems 2.2 and 2.3, we get the following. Proof. If λ(ξ) = ξ 2 holds on a neighborhood of ξ and ξ > 1/ √ 3, then λ (ξ) = 2ξ < 2 + 2ξ 2 + ξ 2 −ξ, contrary to (2.3). The second statement follows since the upper bound in (2.7) is strictly less than ξ 2 for ξ > , which is equivalent to λ(ξ) = ξ/ √ 6 for ξ ∈ [0, 2/d 2 ] and corresponds to the extended guess λ DG (ξ) = min{ξ/ √ 6, 1} for all ξ ≥ 0. We emphasize, though, that there is currently no theoretical justification for this alternative guess.
Using (1.5), we can translate Theorem 2.3 for ξ ∈ (0, 2/d 2 ] into bounds for the γ-LQG dimension.
Theorem 2.5 (Bounds for d γ ). For γ ∈ (0, 2), one has See Figure 2 for a plot of the bounds for Theorem 2.5, the previous best known bounds from [DG18] , and the Watabiki prediction (1.1). The new bounds are still consistent with Watabiki's prediction for γ ∈ (0, 2] (since 2/d 2 < 1/ √ 3). The upper (resp. lower) bound from Theorem 2.5 is strictly better than previously known bounds in the case when γ ≥ 8/3 (resp. γ ∈ (0.4981, 8/3)). For γ ≥ 8/3, the upper bound differs from Watabiki's prediction by at most 0.008.
Geodesic dimension
In addition to the Hausdorff dimension/distance exponent, another natural quantity associated with the LQG metric is the Euclidean dimension of its geodesics. Theorem 2.1 also leads to a bound for this dimension.
Let P In [DZ16] it is shown that g(ξ) > 1 whenever λ(ξ) > 0, which we know is the case for ξ sufficiently small by [DG16] and for ξ > 0.266 . . . by Theorem 2.3. We also note that [MQ18, Proposition 4.8] shows that if a continuum γ-LQG metric exists and satisfies certain properties (which is currently known to be the case only for γ = 8/3), then the Euclidean dimension of its geodesics is strictly less than 2. Neither of these works prove a non-trivial explicit bound for the geodesics dimension. Here we prove the first non-trivial explicit bound for g(ξ). Theorem 2.6 (Geodesic dimension upper bound). For each ξ > 0 and each ζ > 0, it holds with probability tending to 1 as ε → 0 that each simple path P in S ε with D
In particular,
Proof. Apply Theorem 2.1 with ξ = 0 and note that L 0,ε
The upper bound (2.15) is a decreasing function of λ(ξ) whenever λ(ξ) ≥ −1. Plugging our lower bound for λ(ξ) from Theorem 2.3 into (2.15) gives an upper bound for g(ξ) in terms of ξ which is non-trivial (< 2) for ξ < 5/2. We plot this bound in Figure 1 , right. By setting ξ = γ/d γ for γ ∈ (0, 2) in (2.15) and using (1.5), we get the following heuristic bound:
For γ = 8/3, in which case d γ = 8/3, the right side of (2.16) is 1 6 (4 + √ 15) ≈ 1.31216. In forthcoming work, we will prove that this same quantity also provides an upper bound for the Euclidean dimension of the geodesics of the continuum 8/3-LQG metric constructed in [MS15, MS16a, MS16b] (and also for the conjectural γ-LQG metric for general γ ∈ (0, 2), assuming that it exists and satisfies the hypotheses of [MQ18] ) .
Proof of Theorem 2.1
The only estimate needed for the proof of Theorem 2.1 is the following lemma.
Proof. By the calculations in [DS11, Section 3.1], for each vertex z ∈ S ε , the circle average h ε (z) is centered Gaussian with variance log ε −1 + O ε (1). The lemma follows by applying the Gaussian tail bound to each of these random variables, then summing over the O ε (ε −2 ) vertices of S ε .
Proof of Theorem 2.1. Fix α > 0 to be chosen later, in a manner depending only on ξ and ξ. By Lemma 3.1, it holds with probability tending to 1 as ε → 0 that
Henceforth assume that (3.1) holds. We will show that (2.1) holds.
Let P : {0, 1, . . . , N } → S ε (U ) be a simple path in S ε with L ξ,ε h (P )-length at most ε λ(ξ)−ζ . We compute
εe ξhε(P (j)) = j:hε(P (j))<α log ε εe ξhε(P (j)) + j:hε(P (j))≥α log ε εe ξhε(P (j))
≤ ε 1+α ξ #{j : h ε (P (j)) < α log ε} + j:hε(P (j))≥α log ε
Since P is a simple path, the bound (3.1) shows that the first term on the right in (3.2) is at most ε ξα+α 2 /2−1−ζ . As for the second term, if h ε (P (j)) ≥ α log ε, then e ξhε(P (j)) ≤ ε −(ξ− ξ)α e ξhε(P (j)) . Plugging these two estimates into (3.2) shows that
We now choose α > 0 so that the two powers on ε on the right in (3.3) are equal, i.e.,
Plugging this into (3.3) gives (2.1).
Relating ξ to the central charge
The exponent λ(ξ) of (1.4) gives rise to a notion of "central charge" for LFPP with exponent ξ, as we will now explain. Following [DS11, She16, DMS14] , one can define a γ-Liouville quantum gravity (LQG) surface for γ ∈ (0, 2] to be an equivalence class of pairs (U, h) where U ⊂ C is a simply connected domain and h is a random distribution on U (always taken to be a realization of some variant of the GFF on U ), with two pairs (U, h) and ( U , h) considered to be equivalent if there is a conformal map φ : U → U such that
We think of equivalent pairs as different parametrizations of the same surface. Objects associated with LQG should be invariant under coordinate changes of the form (4.1). This is proven for the LQG measure in [DS11, Proposition 2.1]. It is expected that the conjectural γ-LQG metric D h should satisfy D h (z, w) = D h (φ −1 (z), φ −1 (w)) whenever h and h are related as in (4.1). The parameter Q in (4.1) is called the background charge. It is related to the so-called central charge by c = 25 − 6Q 2 . We have c ∈ (−∞, 1] for γ ∈ (0, 2]. In the physics literature, the parameter c, rather than the parameter γ, is often viewed as the more natural one. The above definition of an LQG surface makes sense for any value of Q > 0 (not just Q ≥ 2) and hence for any central charge c ∈ (−∞, 25). See [GHPR19] for further discussion of LQG with c ∈ (1, 25).
It is not hard to see (see [DG18, Proposition 2.3]) that if D ξ,ε h has a scaling limit, then at least for complex affine maps φ the limiting metric must be invariant under coordinate changes of the form (4.1) for Q = (1 − λ(ξ))/ξ. This leads us to define the background charge and central charge, respectively, for LFPP with parameter ξ by
It is shown in [DG18, Theorem 1.5] that for γ ∈ (0, 2), one has Q(γ/d γ ) = 2/γ + γ/2, as expected. Since λ(ξ) ≤ 1, one always has Q(ξ) ≥ 0. For ξ = 1/ √ 3, the extended Watabiki prediction (1.6) gives λ(ξ) = 1/3 and hence Q(ξ) = 4/3 and c(ξ) = 17. Similarly, under (1.6), ξ = 5/2− 2/3 corresponds to c(ξ) = 21.741 . . . . Combined with Corollary 2.4 and Lemma 4.1 just below, this means that the extended Watabiki prediction (1.6) is false for a dense subset of central charge values in (17, 25) (resp. for all c ∈ (21.741 . . . , 25)).
Lemma 4.1. The background charge Q(ξ) is strictly decreasing on (0, 0.7), non-increasing on [0.7, ∞), and satisfies lim ξ→∞ Q(ξ) = 0.
Proof. Since λ(ξ) ∈ [−1/2, 1], it is obvious that lim inf ξ→∞ Q(ξ) = 0.
Since Q(ξ) is a Lipschitz continuous function of ξ, to show that it is strictly decreasing on (0, 0.7) is suffices to show that its derivative is strictly negative there. By (2.4), we have λ (ξ) ≥ −ξ and hence Q (ξ) = 1 ξ 2 −λ (ξ)ξ − 1 + λ(ξ) ≤ 1 ξ 2 −ξ 2 − 1 + λ(ξ) .
Plugging in our upper bound for λ(ξ) from Theorem 2.3 shows that this is negative for ξ < 2 − 1 6
113 − 8 √ 15, which is slightly larger than 0.7.
Finally, let us show that Q(ξ) is always non-increasing. Let 0 ≤ ξ ≤ ξ. Given ε > 0, let P = P By the definition (1.4) of λ, it holds with probability tending to 1 as ε → 0 that
Consequently, λ(ξ) ξ/ξ ≥ ξ/ξ + λ( ξ) − 1. Re-arranging gives (1 − λ(ξ))/ξ ≤ (1 − λ( ξ))/ ξ, which is the desired inequality.
Remark 4.2. The paper [GHPR19] introduces another natural discretization of LQG which works for all c < 25 (equivalently, Q > 0), based on a dyadic tiling S Q,ε h of the plane consisting of squares which all have "LQG size ε" with respect to h. We expect that this model is related to LFPP as follows: if ξ(Q) > 0 is chosen so that the graph distance in S Q,ε h between ∂ L S and ∂ R S grows like ε −ξ(Q) as ε → 0, then λ(ξ(Q)) = 1 − ξ(Q)Q; i.e., Q(ξ(Q)) = Q. This relation for Q > 2 and ξ ∈ (0, 2/d 2 ) follows from [DG18, Theorem 1.5]. We expect that the proof of that theorem could be adapted to treat the case when Q < 2 and ξ > 2/d 2 as well.
